We define in this paper a class of three indices tensor models, endowed with O(N ) ⊗3 invariance (N being the size of the tensor). This allows to generate, via the usual QFT perturbative expansion, a class of Feynman tensor graphs which is strictly larger than the class of Feynman graphs of both the multi-orientable model (and hence of the colored model) and the U(N ) invariant models. We first exhibit the existence of a large N expansion for such a model with general interactions. We then focus on the quartic model and we identify the leading and next-to-leading order (NLO) graphs of the large N expansion. Finally, we prove the existence of a critical regime and we compute the critical exponents, both at leading order and at NLO. This is achieved through the use of various analytic combinatorics techniques.
I. INTRODUCTION
Random tensor models, seen as a natural generalization of the celebrated matrix models to dimension higher than two, imposed themselves over the last years as an emergent domain at the very frontier of theoretical physics, combinatorics and other domains of mathematics. The so-called colored models [1, 2] brought new combinatorial tools to tensor models, which tremendously improved our control over the definition and topological content of such models. This allowed in particular to demonstrate the existence of a large N expansion [3] [4] [5] , which generalizes the genus expansion of matrix models in a non-trivial way. Though not a topological expansion -as is to be expected in the absence of a simple classification of topological manifolds in dimension higher than two -, it opened the way to many developments and generalizations of matrix models results. In particular, it was proven that spherical triangulations of a particular type, called melonic triangulations, dominate the large N expansion and lead to a continuum limit [6] . The random geometry defined by this melonic phase was later studied in more detail [7] , and was confirmed to lie in the same universality class as the so-called branched polymer phase of dynamical triangulations [8] .
These simplicial colored models soon lead to a first generalization, the so-called uncolored or invariant tensor models [9] . Unlike simplicial models, which are constructed out of a single type of interaction (the d-simplex), the theory space of invariant tensor models is specified by a U(N )
⊗d symmetry (where d is the number of indices), which allows infinite sets of interactions. The colored simplicial structure of the original models is encoded in the non-trivial interior structure of the interaction vertices -also called bubbles. Many interesting results have been gathered for both colored or uncolored tensor models, including the characterization of next-to-leading order Feynman graphs in the large N expansion and the definition of a double-scaling limit [10] [11] [12] , or universality results [13] proven with constructive methods [14, 15] .
The multi-orientable (MO) models, which have been defined in [16] (see also [17] for a short review), remained in the simplicial context but relaxed the coloring conditions of the original colored models. This type of models thus allowed to generate, via the usual QFT perturbative expansion, a class of Feynman graphs which is strictly larger than the class of graphs of the colored models. Moreover, the MO model were endowed with a large N expansion mechanism [18] . This expansion was analyzed, from a combinatorial point of view, first at leading [18] and next-to-leading [19] orders and then at any order [20] . This allowed to implement the celebrated double-scaling mechanism [21] -see also [22] for a recent review on these topics.
All of these purely combinatorial results are at the basis of more involved models, known as tensorial group field theories, which are field theories with the same bare combinatorial structure [23] [24] [25] [26] [27] [28] . Some of these models can be understood as toy-models for quantum gravity [27] [28] [29] [30] ; they have been extensively studied through QFT renormalization techniques, see [31] and references therein.
In order to unravel new aspects of random geometry in dimension higher than two, it appears crucial to us to aim at a step by step enlargement of the set of interactions and combinatorial structures allowed by the definition of our models.
In this paper we perform such a step with the introduction of a new class of tensor models, based on an O(N ) ⊗d rather than a U(N ) ⊗d invariance. This leads to a larger class of allowed interactions, still labeled by colored graphs, but not necessarily bipartite. We focus on the d = 3 situation, and show that these real tensor models contain the colored, uncolored and multi-orientable models as special cases. This is a very natural arena in which to further generalize tensor methods, which may provide a suitable enlarged theory space for tensorial group field theories.
For the sake of completeness, let us mention that matrix models with O(N ) invariance have also been studied in papers such as [32] , where tangle and link counting results have been proved. This paper is structured as follows. In the following section we introduce the general class of real tensor models, with arbitrary many (but a finite number of) interaction terms in the action. We prove the existence of a large N expansion which generalizes the large N expansions of colored, uncolored and multi-orientable models. In section III, we restrict our attention to the most general quartic model (with invariance under permutation of the colors), parametrized by two independent coupling constants, and characterize the leading and next-to-leading orders in 1/N . This allows us to prove, in section IV, the existence of a critical regime and compute its critical exponents, both at leading and next-to-leading orders. We rely to this effect on the analytic properties of the two-point function and on methods of analytic combinatorics -which allow us to also derive some asymptotic estimates.
II. GENERAL MODEL AND LARGE N EXPANSION
In this section we define the tensor model we are interested in and we implement its large N expansion. We consider a real tensor T i1i2i3 with three indices ranging from 1 to N ∈ N * . The group O(N ) ⊗3 acts on T as
where O (k) are three independent orthogonal matrices. We further define the partition function
where the action S N (T ) is required to be invariant under O(N ) ⊗3 , and [dT ] is the product of the Lebesgue measures associated to the entries T i1i2i3 . The action S N decomposes as a sum over tensor invariants I b , weighted by coupling constants t b :
where we have denoted by B the set of O(N ) tensor invariants, and introduced a free scaling parameter ρ(b) for each b ∈ B. These tensor invariants are in one-to-one correspondence with 3-colored graphs 1 but not necessarily bipartite. This is the only difference with respect to U(N ) invariant models. The mapping between graphs and invariants is as follows: each node of the graph is associated to a tensor, and each line of color represents the contraction of the th indices of two tensors. Let us recall that, in the tensor model framework, one calls these invariants bubbles and they are vertices of the QFT model to be considered (see for example [9] for details on this type of construction).
We furthermore restrict to connected invariants, that is to those invariants which are labeled by connected colored graphs. In Figure 1 , we have depicted the two-and four-point bubbles (up to a permutation of the color labels). The second bubble in Figure 1 has the same combinatorial structure as the tetrahedron in spin foam [33, 34] and group field theory models [35, 36] for 3d quantum gravity. Note nonetheless that as a colored graph it encodes the topology of the projective plane [37] . The third bubble in Figure 1 represents the so-called pillow term (see [38] and [39] ), and like the first bubble of Figure 1 is associated to a spherical triangulation. The first and the third bubbles can be given a biparite structure such that they become vertices of the complex model. However, the second bubble is not allowed by the U(N ) ⊗3 invariance; it is a new ingredient of the O(N ) ⊗3 model. The leftmost bubble of Figure 1 -call it b 2 -encodes the quadratic part of the action. Since we will evaluate the model in perturbation around the Gaussian contribution, we fix the normalization of the invariant associated to b 2 to: t b2 = 1 and ρ(b 2 ) = 0. The weight N 3/2 in front of the action is the natural one if one wants the second bubble of Figure 1 to contribute at leading order (assuming that ρ = 0 for this bubble), as already observed in colored [5] and MO [18] models. The function ρ will be adjusted below after analysis of the amplitudes. Note that the usual uncolored models [9] come with a global weight N 2 instead, and individual weights N −2ω(b) (where ω(b) is the degree of the colored graph b) in front of the coupling constants t b .
As usual, one splits the action between the quadratic part, which provides a notion of propagation, and the higher order terms which are Taylor expanded. As in ordinary uncolored tensor models [9] , the resulting Feynman amplitudes A G are labeled by graphs G, made out of bubble vertices and propagator lines, which are represented as dashed lines in our figures. Feynman diagrams are in particular 4-colored graphs, a fourth color 0 being attributed to the dashed lines. Three simple examples are given in Figure 3 and 4 (we will leave some of the color labels implicit in our pictures).
As already mentioned in the introduction, the model we propose here generates a larger class of Feynman graphs than both the MO model (and hence than the colored one) and the U(N ) invariant models. One has: Proposition 1. The sets of Feynman graphs generated by the MO action or a U(N ) ⊗3 invariant action are strict subsets of the set of Feynman graphs generated by the real action (3).
Proof. One can easily check that the interaction given by the second bubble in Figure 1 already generates, by perturbative expansion, a strictly larger class of graphs than the class of MO tensor graphs. Indeed, MO graphs may be generated by the vertex of Figure 2 , with the additional condition that propagator lines must connect black nodes to white nodes. Hence all MO graphs may be realized in our O(N ) model, while for instance the Feynman graph of Figure 3 cannot be given the structure of a MO graph. Finally, the graphs generated by the U(N ) ⊗3 models coincides with the subclass of O(N ) ⊗3 graphs which can be given a bipartite structure. It is a strict subclass since the graph of Figure 3 does not admit any bipartite coloring of its nodes.
One may perturbatively expand the partition function around the Gaussian, leading to: where A G is the amplitude associated to a graph G, and n b (G) is the number of bubble vertices of type b in G. A standard calculation (see e.g. [3] ) shows that the amplitude A G of a closed graph G is
where we have defined the degree ω(G) as:
In the definition above, we have denoted by L and F respectively the number of lines and faces 1 of G (these are notations we will stick to throughout the paper).
This form of the Feynman amplitudes entails the existence of a 1/N expansion, provided that ω is bounded from below. We will show that this can be achieved. We will furthermore choose ρ as small as possible, so that the class of leading order graphs in N is as large as possible.
In order to conveniently count the number of faces F , we introduce the notion of jacket, which is defined similarly as in the rank-3 colored framework [3, 40] . Definition 1. For any graph G and any ∈ {1, 2, 3}, the jacket J (G) is the 3-colored graph obtained from G after deletion of all it color-edges.
Equivalently, each J is obtained by deletion of all the faces of color , and hence represents a ribbon graph with faces of colors in {1, 2, 3} \ { }. A jacket therefore represents a closed and possibly non-orientable surface. Unlike in [3, 40] the jacket of a connected graph is not necessarily connected -see Fig. 5 for examples of such jackets, associated to the tensor graphs of Figure 4 . Note that for graphs which are multi-orientable, the notion of jacket introduced above coincides with the one of multi-orientable jacket [18] .
Faces can be counted as follows
where f (J (i) ) is the number of faces of the i th connected component of J . This number can be expressed in terms of the non-orientable genus k as:
where e (resp. v) is the number of edges (resp. vertices) of the jackets.
To facilitate the analysis in the case of multiple connected components, let us introduce the quantity
where |J | denotes the number of connected components of J . Likewise, we define
where C b is the number of connected components of the 2-colored graph obtained from b after deletion of all the color-lines. Remark that
where N b is the number of nodes of the bubble b (i.e. the valency of the tensor interaction). In terms of these quantities, ω can be reexpressed in the form
The key simple observation leading to the definition of a 1/N expansion is the following.
Lemma 1. For any ∈ {1, 2, 3}, one has
Moreover, the number n b of vertices of each type being given, one can always construct a graph G on these vertices which saturates the bound.
Proof. By definition, each connected component of J is supported on at least one connected component of the colored subgraph with colors {1, 2, 3} \ { }, hence the inequality. And one obtains an equality by pairing half-lines to half-lines in the same connected component of the color {1, 2, 3} \ { } subgraph.
This allows us to conclude that the optimal choice for ρ is:
which we assume in the rest of the paper. Note that in terms of the number of colored faces 1 F b of b, this definition coincides with:
Proposition 2. Assuming a scaling of the coupling constants as defined by (15) and (3), the amplitude of a graph A G is proportional to N 3−ω(G) , where the degree can be expressed as:
Furthermore, ω(G) ∈ N 2 . Proof. The expression of ω is a simple consequence of the relations defining ρ and ω and the other combinatorial quantities. Equation (17), together with the fact that the demigenus k is an integer 2 , implies that ω ∈ Z 2 . Furthermore, Lemma 1 and the positivity of k imply that ω is itself positive. Remark that the choice of weight (15) ensures that:
where we loosely denote by b 1 b 2 any connected sum of b 1 and b 2 , that is any bubble obtained by first connecting b 1 and b 2 with a propagator and then contracting this propagator. Such a contraction is called 1-dipole contraction in the literature. A posteriori, an independent motivation for our choice of scaling function ρ is that it renders the degree ω invariant under these 1-dipole contractions.
Proposition 3. The leading order graphs are characterized by:
Proof. The two terms appearing in the expression of the degree (17) are positive or 0. Hence they must both be 0 when ω = 0, leading to equations (19) and (20) . Furthermore, it is easy to check that the class of degree-0 graphs is non-empty: for instance, the two graphs shown in Figure 4 have 0 degree.
At least melonic graphs in the sense of both colored and uncolored models are dominant. We will refer to these types of melons as respectively of type I and II. It is also easy to generate leading order graphs which are genuinely new, for example by contraction of an arbitrary number of tree lines in a ϕ 4 leading order graph of type I (this will create non-bipartite bubbles of valency higher than 4 without changing the degree).
As announced in the introduction classifying leading order graphs lies outside the purpose of this paper. In the remaining sections, we focus instead on the quartic real model.
III. QUARTIC MODEL, LARGE N EXPANSION
The action of the quartic model writes:
where λ 1 , λ 2 ∈ R and
The interactions we allow are therefore: the tetrahedral interaction term, for which ρ = 0; and the three pillow invariants which have ρ = 1 2 , hence the scaling of N −1/2 in front of I 2 . We will denote by n 1 the number of tetrahedral interactions in a given graph, and by n 2 the number of pillow vertices. Note that we have introduced normalization factors which take into account the symmetries of the respective interactions (this will of course facilitate the enumeration of graphs in the sequel). We took into account:
• the number of automorphisms 1 of each bubble (four in both cases), and
• an additional 1/3 factor for the pillow interactions (this comes from the fact that we also require invariance under permutation of the color labels, and therefore use a single coupling constant for the three pillow interactions).
The invariant I 2 is an explicitly positive interaction, but I 1 is not. It is therefore likely that S N itself is unbounded from below, making the definition of the path integral questionable 2 . Our calculations should be interpreted as formal manipulations of power series in λ 1 and λ 2 , and N . This being said, we will prove that the leading order graphs of this model are exactly the melonic graphs of colored and multi-orientable tensor models. The method of proof that we will use is itself a generalization of these cases.
A. Large N expansion; leading order
In this model, we can define two types of melonic moves, called type I (resp. type II) contractions or insertions, which are nothing but the melonic moves already relevant in multi-orientable (resp. invariant) tensor models. See Figure 6 . This moves allow us to formalize the notion of melonic graph in this context. Definition 2. The family of vacuum melonic graphs is the set of graphs generated by the two graphs shown in Figure 4 , and the melonic insertion operations of type I and II (see Figure 6 ).
It is also easily seen that the melonic moves conserve the degree. Proof. A melonic move of type I changes L to L − 4, n 1 to n 1 − 2, F to F − 3, and does not change n 2 .
Hence the new degree is
Similarly, a melonic move of type II changes L to L − 2, n 2 to n 2 − 1, F to F − 2, and does not change n 1 . Hence the new degree is:
Hence we have already proven that vacuum melonic graphs have degree 0 and are therefore leading order. We will now prove that they are the only ones.
Let us first gather some facts about graphs G with n 2 (G) = 0.
Lemma 3. Let G be a vacuum graph such that n 2 (G) = 0. (ii) If G has a face of length 3, then ω(G)
(ii) The only way for G to have a face of length 3 without having also a face of length 1 is as pictured in Figure 7c . The jacket J 1 of this graph contains a ribbon with three twists and is therefore not orientable. This implies that at least one jacket, being not orientable, has a half-integer genus, and hence ω(G) ≥ Lemma 4. Let G be a vacuum graph such that n 2 (G) = 0. If ω(G) = 0, then G has at least 6 faces of length 2.
Proof. Let F p be the number of faces of length p in G, and V the number of vertices. We have:
where the condition ω(G) = 0 was used in the first equation. From Lemma 3, we know that
Subtracting the second equation to four times the first therefore yields:
and since moreover L = 2V we conclude that
We also remark the following:
Lemma 5. Let G be a vacuum leading order graph. If n 2 (G) = 0, then G is of the form shown in Figure 8 .
Proof. One necessarily has a bubble b and a color such that δ (b) ≥ 1. Hence since G is leading order,
A splitting of a jacket of color in two connected components can only happen at a pillow vertex with color , hence G is of the form shown in Figure 8 .
Let us define a 2-point leading order graph as a 2-point graph which closes into a vacuum leading order graph.
Proposition 4. Any 2-point leading order graph contains a type I or type II elementary melon. 1 We recall that the length of a face is defined as its number of color-0 lines. Figure 8 , where the condition ω = 0 imposes thatG 1 = ∅ is a 2-point leading-order graph with strictly lower p. By the induction hypothesis it therefore itself contains an elementary melon of type I or II. If n 2 = 0, by Lemma 4 the graph is of the form shown in Figure 9a . If this does not already provide an elementary melon of type I, then we can perform the move shown in Figure 9b , which as is easily proved conserves the face structure and the degree. Now n 2 = 0 with p unchanged, and we can run the previous argument again to conclude. Proof. By Proposition 4, any leading order graph can be reduced to one of the two graphs of Figure 4 by successive contractions of melons. Hence such a graph is melonic.
B. Next-to-leading order
We now focus on the next-to-leading order (NLO) graphs, which are characterized by ω = 1 2 . From Eq. (17), we infer that graphs with degree ω = 1 2 must have a single non-trivial jacket of demigenus k = 1 and should also verify condition (20) . Therefore Lemma 5 also holds for next-to-leading order vacuum graphs.
One can check that there are exactly 3 single-vertex graphs with ω = 1 2 : there are the so-called 'infinity' graphs represented in Figure 7a (there is one such graph for each value of 1 ). We readily obtain an infinite family of NLO graphs by insertion of non-trivial melonic 2-point graphs, which as we have seen do not change the degree. In order to determine whether this family exhausts the set of NLO graphs, we follow [19] and introduce the notion of core graph.
Definition 3.
A core graph is a vacuum graph with no melonic 2-point subgraph.
The question now is whether there exists more NLO core graphs than the three infinity graphs. Let us first prove the following lemma: Lemma 6. Let G be a NLO core graph. Then:
(ii) if G is made of more than 1 vertex, then all its faces have length higher or equal to 3. Moreover, all the faces of length 3 must have the same color as the non-planar jacket of G.
Proof. (i) Assuming n 2 (G) = 0, condition (20) imposes that G has the structure shown in Figure 8 . Since G is a core graph, ω(G 1 ) ≥ (ii) Since there is no pillow vertex in G, a face of length 1 has to be of the form shown in Figure 7b . Let us callG the non-trivial 2-point subgraph which closes this figure. By hypothesis, ω(G) ≥ 1 2 . One can also verify that ω(G) = ω(G) + 1 2 , which is inconsistent with G being NLO. Therefore G has no face of length 1. If G had a face of length 2, it would have the structure of Figure 9a . Performing the move of Figure 9b , which does not change the degree, would lead to a NLO graph with n 2 = 0. This graph would therefore have to contain a 2-point melonic subgraph, and so would G, but this cannot be since G is a core graph. Finally, just like before, the only way for G to have a face of length 3 without having also a face of length 1 is as pictured in Figure 7c . The existence of such a face of color 1 imposes that the jacket of color 1 is non-orientable. Since G has exactly one non-planar jacket, all the faces of length 3 must have color 1 . This is sufficient to show that the infinity graphs are the only NLO core graphs in this model. Proof. Let us assume that G is a NLO core graph with more than 1 vertex and look for a contradiction. By Lemma 6 (i), G cannot have any pillow vertex, and therefore its degree can be expressed as ω = 3 + 3 2 V − F . We know that G has three jackets, two of which (say J 1 and J 2 ) are planar and the last one being of demigenus k = 1. We also know by Lemma 6 (ii) that the faces of length 3 have the same color as the non-planar jacket, namely the color 3. The total number of faces F can be split into the f (J 1 ) faces of J 1 (which are of color 2 and 3) and the F 1 faces of color 1: F = f (J 1 ) + F 1 . J 1 being planar, Euler's relation implies f (J 1 ) = v(J 1 ) + 2 = V + 2, hence:
The F 1 faces of color 1 have length higher or equal to 4, and each line of G contains exactly one ribbon line of color 1, therefore:
where
is the number of faces of length p and color 1. One concludes that
which contradicts the fact that G is an NLO Feynman graph.
IV. GENERAL QUARTIC MODEL: CRITICAL BEHAVIOUR
The leading-order connected and one particle irreducible Green functions are proportional to a product of Kronecker delta functions. Let us call G LO (g, µ) (resp. Σ 0 (g, µ) ) the proportionality factor of the connected (resp. one particle irreducible) Green function, in terms of the following parametrization of the coupling constants:
In this way, the variable g will allow to keep track of the total number of elementary melonic insertions, while µ will count the number of elementary melonic insertions of type II.
A. Explicit counting of melonic graphs
The melonic graphs of our model can be represented by unlabelled colored trees. More precisely, with the weight we have chosen in the action, G LO writes:
where C p,q is the number of melonic 2-point graphs with p type I melons and q type II melons, up to local color permutations of type II vertices 1 . Such melonic graphs can be recursively constructed by successive insertions of type I and type II elementary melons. They can therefore be represented by abstract trees with edge color labels, which record the location and type of the successive melonic insertions. One can for instance adopt the convention of Fig. 10 . Each equivalent class of melonic 2-point graphs (up to color relabelling at the type II vertices) is represented by a rooted colored tree, an admissible coloring of the edges of a tree being as follows: the 4 lines outgoing (the notion of outgoing being defined with respect to the root) from a coordination 5 vertex are labeled with integers from 0 to 4, the 2 lines outgoing from a coordination By Cayley's theorem, the number of labelled trees with p vertices of valency 5, q vertices of valency 3, 3p + q + 2 leaves, and therefore a total number of 4p + 2q + 2 vertices, is
The outgoing edges of each coordination 5 vertex admit 4! distinct colorings or orientations, while the outgoing edges of coordination 3 vertices admit only 2 distinct colorings. This gives a total multiplicative factor of (4!) p 2 q . Since our trees are furthermore unlabelled and rooted, one should divide by the number of possible permutations of the vertices except for the root: namely, one should divide by p! (for the coordination 5 vertices), q! (for the coordination 3 vertices), and (3p + q + 1)! (for all the coordination 1 vertices but the root). This yields:
Remark. Tree structures can naturally be enumerated by means of quantum field theory techniques [6, 42, 43] . In the present situation one can for instance define the partition function
where the covariance C of the Gaussian measure µ C is defined by:
The inspection of the perturbative expansion of this auxiliary field theory shows that the melonic Green function G LO evaluates as the connected expectation value:
One can easily compute Z(g, µ, J) and ψ 0 c (g, µ, J) perturbatively in µ and J, and hence reduce formula (34) to the computation of a product of two formal power series. Given the simplicity of the previous proof we will not give more details here, the interested reader is referred to [6] for a similar calculation.
In order to obtain a first crude understanding of the divergence structure of G LO , one may resort to the following asymptotics of the coefficients C p,q . (ii) For any p 0 ∈ N:
Proof. These expressions are direct consequences of Stirling's formula.
As a consequence of Fubini's theorem, if the right-hand-side of equation (32) is absolutely convergent then the partial sums over p and q respectively are absolutely convergent and therefore:
This already proves the existence of a critical regime for G LO , but this is not enough to locate the singularities or compute the critical exponents. Indeed, G LO can be rewritten as:
with
and it is the asymptotic behaviour of α n (µ) which determines the critical behaviour of G LO . Rather than directly evaluating this complicated sum, we will adopt an alternative strategy based on the analysis of the analytic properties of an algebraic equation for G LO . Interestingly, not only this method does not require any evaluation of α n (µ) (or any prior knowledge of the coefficients C p,q ), it actually yields the asymptotic formula for α n (µ) we are missing as a bonus.
B. Diagrammatic equations, leading and next-to-leading order
We know from the standard relation between the connected and one particle irreducible Green functions that:
From the structure of melonic graphs, we can furthermore infer the relation depicted in Figure 12 . Carefully taking combinatorial factors and signs into account, this leads to:
We can therefore deduce the following equation for G LO alone:
FIG. 12: Diagrammatic equation for the 2-point function at leading order.
Let us now investigate the NLO behaviour. The graphs contributing to the connected NLO two-point function can be obtained from the NLO vacuum graph by cutting one of the graph's internal lines. The result of this cutting process thus follows, from a combinatorial point of view, from the characterization of the NLO vacuum graphs from the previous section. One has three distinct types of graphs, depending on the type of edge that is cut in a given graph G:
1. one can cut an edge of a melon of type I; 2. one can cut an edge of a melon of type II; 3. one can finally cut an edge associated to a tadpole line in the core graph of G.
The diagrammatic equation obtained in this way is depicted in Figure 13 , and the analytic equation associated writes:
The combinatorial factor three in the first term above comes from the fact that one has three distinct choices for the NLO 2-point insertion, choices corresponding to the three distinct colors of the colored edges.
C. Singularity analysis
Let us assume for the moment that µ ≥ 0 and g > 0, so that all the series we consider have positive coefficients. By Pringsheim's theorem 1 , we know that G LO is singular on the boundary of its domain of 1 Pringsheim's theorem stipulates that a power series n∈N anz n with positive coefficients an and radius of convergence R > 0 has a singularity at z = R. See e.g. [44] . convergence. Using standard methods of analytic combinatorics, we are furthermore able to determine how G LO behaves close to the critical curve 1 .
Proposition 8. For any µ ≥ 0, define the critical value
where G c (µ) is the unique real solution of the polynomial equation
The (adherence of the) domain of convergence of the series defining G LO is {(g, µ) ∈ R + × R , |g| ≤ g c (|µ|)}. Moreover, for any µ ≥ 0, there exists a constant K(µ) > 0 such that:
) .
Proof. G LO (g, µ) is a power series in g with positive coefficients, therefore by Pringsheim's theorem it has a singularity at some g c (µ) > 0. One moreover has the equation:
where F (u) := (1 + u) 4 + µ(1 + u) 2 and Ψ are both analytic around
is not analytic at g c (µ), at τ = G LO (g c (µ), µ) − 1 > 0 one must have Ψ (τ ) = 0. Otherwise we could locally invert the previous equation to obtain an analytic dependence of G LO in a neighbourhood of g c (µ). This leads to the equation:
known to combinatorists as the characteristic equation of the generating function G LO [44] . One can check that its unique real positive solution is τ = G c (µ) − 1, where G c (µ) is inferred from the value of τ given above. In particular, g c (µ) is indeed defined by equation (48). Moreover, the second derivative does not cancel 1 :
We therefore obtain by Taylor expansion
which can be locally inverted (by use of the singular inversion theorem) to give formula (50) with
Interestingly, the singular behaviour of G LO can be used to retrieve information about the asymptotics of the coefficients C p,q without explicitly enumerating the trees they count (as we have done in section IV A). This method is central in analytic combinatorics [44] , and here is an example of what one can infer. Corollary 1. For any µ ≥ 0, and with the same notations as in Proposition 8, the coefficients α n (µ) of the power series G LO (·, µ) behaves asymptotically as:
Proof. The analytic function F (z) = (1+z) 4 +µ(1+z) 2 is aperiodic 2 . Hence one can directly apply Theorem VI.6 of [44] (page 405). Let us nonetheless sketch the idea of the proof. The aperiodicity of F implies that of G LO (·, µ), and by Daffodil's lemma (see again [44] , page 266), one can deduce that G LO (·, µ) has no other singularity than g c (µ) on the circle |g| = g c (µ). The application of Cauchy's formula:
to a suitable contour γ around g c (µ) (known as an Hankel contour) then shows that the asymptotics of the coefficients α n (µ) is dictated by the critical behaviour at g c (µ). Therefore the known asymptotic expansion of √ 1 − z at z = 1 directly yields the asymptotic estimate of α n (µ).
In particular, taking µ = 1, we obtain an estimation of the number of binary-quaternary plane trees of size n (where n is the number of vertices which are neither leaves nor the root). Taking µ = 3 yields in turn an estimation of the number of melonic 2-point graphs with n elementary melons, which we denote by M n . A numerical application of the previous Corollary shows that:
with χ ≈ 0.111 and β ≈ 14.8 .
Let us now briefly comment on the case µ < 0. Given the form of our equation for G LO , the negative sign of µ might in principle allow for multi-critical points, that is critical points at which
2 also cancels out, therefore leading to different scaling behaviours 1 . Since our definition of G LO is well-controlled in the region g ≤ g c (|µ|) only, we only have access to possible singularities on the boundary (g = g c (|µ|)). Exploring the phase space further would necessitate a careful study of possible analytic continuations, which is not the purpose of the present paper. We have checked, using the same method as in Proposition 8, that no new singularity is present. For instance, let us specialize to the case µ = −1, which is easier to analyse. A factor (G LO − 1) can then be factored out from the relation between g and G LO , which simplifies to:
At a critical point (g = g c , G LO = G c ),
has to vanish, which leads to the characteristic equation:
G c = 0 being excluded, we conclude that G c = − 4 > g c (1), which would bring us outside the domain of convergence of G LO . Hence there is no singular point when µ = −1, and this conclusion actually holds for arbitrary µ < 0.
We have summarized our findings on the phase space representation of Figure 14 . 
D. Critical exponents
We now use the critical behaviour of G LO to infer that of the free energy and deduce the value of the susceptibility critical exponent.
Leading order
We parametrize the full connected 2-point function as:
in such a way that
The free energy itself is defined as:
The relation between C N and the leading-order free energy F N is contained in the Dyson-Schwinger equation:
which immediately yields:
Extracting the leading-order contributions, and resorting to the variables g and µ provides the looked for relation between G LO and F LO :
Close to the critical point g c (µ), one can parametrize the most singular part of F LO as
for some K 1 (µ) independent of g. The critical exponent γ LO is the leading order susceptibility exponent and is, by equation (68), equal to:
This is the same critical exponent as for the U (N ) ⊗3 invariant and MO models. This indicates that all these models have the same universal properties in the critical regime and at leading order.
Next-to-leading order
In order to compute the susceptibility exponent γ N LO , one may try to directly infer the critical behaviour at next-to-leading order from the leading order one. This can be achieved by means of equation (46), together with the standard QFT identity relating the connected two-point function G N LO to the connected two-point function G LO and to the 1PI NLO two-point function Σ N LO :
Using these two equations, one gets:
Using the leading order two-point function identity (45), one gets:
Using again identity (45) to express the first term of the denominator, one has:
One can then re-express the NLO two-point function (72) as
We can therefore use the same argument as at leading order. First, the critical behaviour of G LO implies that the most singular contribution of G N LO is in
Second, as a consequence of relation (67), the most singular part of F N LO behaves as
(77) for some function K 2 (µ) independent of g.
We thus find the same critical value of the coupling constant (i.e. the radius of convergence) for the NLO series (as series in the coupling constant g) as for the leading order series. Nevertheless, one has a distinct value for the NLO susceptibility exponent:
This again coincides with the critical exponents found in the complex and MO models. Hence we expect these three types of theory to remain in the same universality class also at next-to-leading order.
V. CONCLUSION
In this paper we have initiated the study of random tensor models with O(N ) ⊗3 symmetry, which generalize both U(N ) invariant and multi-orientable tensor models. Interactions are labeled by 3-colored graphs -not necessarily bipartite -which represent triangulated surfaces, including non-orientable ones. We have first shown that, like U(N ) invariant models, they admit a 1/N expansion for any finite number of non-zero coupling constants. As expected, the melonic graphs of MO and U(N ) invariant models are all generated at leading order. We then focused on the quartic theory, with two types of interactions: the so-called pillow terms which represent triangulated spheres; and an interaction with the combinatorial structure of the tetrahedron, which as a colored graph however represents the projective plane (and is therefore nonorientable). We have fully characterized the leading order sector of this model, showing that it contains no more than melonic graphs. We then showed that the next-to-leading order graphs are generated by melonic 2-point function insertions in three possible core graphs, which are nothing but colored versions of the unique core graph of the MO model. Finally, using standard techniques from analytical combinatorics, we determined the critical behaviour of the leading and next-to-leading 2-point functions. This allowed us to reproduce the critical exponents of U(N ) invariant and MO random tensor models. As a result, we may conjecture that the real model also lies in the universality class of branched polymers [7] .
A first natural follow-up of this work is the definition of a double scaling limit for the quartic model, which amounts to simultaneously take the large N limit and send the parameter g to its critical value. This requires the knowledge of the critical exponents which we have computed. One might also wish to investigate further the properties of models with more interactions, which will in particular exhibit multi-critical points for specific choices of the coupling constants (see [9] ). Finally, the colored bubbles of O(N ) invariant tensor models could be used to enlarge the theory space of tensorial group field theories, which has so far been based on U(N ) invariants. This provides in particular a natural arena in which to investigate the renormalizability of MO group field theories of the type defined in [16] .
